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CONJUGATION-INVARIANT NORMS ON THE COMMUTATOR
SUBGROUP OF THE INFINITE BRAID GROUP
MITSUAKI KIMURA
Abstract. In this paper, we give a proof of the result of Brandenbursky and
Ke¸dra which says that the commutator subgroup of the infinite braid group
admits stably unbounded norms. Moreover, we observe the norms which we
constructed are equivalent to the biinvariant word norm studied by Branden-
bursky and Ke¸dra.
1. Introduction
In [2], Burago, Ivanov, and Polterovich introduced the notion of conjugation-
invariant norms and asked several problems. One of them is as follows:
Problem 1.1 ([2]). Does there exists a perfect group G which satisfies the following
conditions?
(1) The commutator length is stably bounded on [G,G].
(2) G admits a stably unbounded norm.
For the definitions on conjugation-invariant norms, see [2]. It is known that such
groups exist. Brandenbursky and Ke¸dra [1] proved the following theorem:
Theorem 1.2 ([1]). The commutator subgroup of the infinite braid group [B∞, B∞]
admits a stably unbounded norm.
Kawasaki [4] also showed that the commutator subgroup of Sympc(R
2n)0 is such
a group, where Sympc(R
2n)0 is the group of symplectomorphisms with compact
support isotopic to the identity of the standard symplectic space. In this paper, we
give a proof of Theorem1.2 by using the idea of Kawasaki in [4]. Kawasaki intro-
duced ν-quasimorphisms (or relative quasimorphisms) and the (ν, p, q)-commutator
length clν,p,q. He proved that the existence of non-trivial ν-quasimorphism implies
stably unboundedness of clν,p,q (see Proposition 2.3).
To give our proof of Theorem1.2, we construct stably unbounded norms clνn,p,q
on [B∞, B∞] by observing that the signature of braids σ : B∞ → R is a νn-
quasimorphism in §2.1. In §2.2, we study the property of the norms clνn,p,q and
prove the following theorem:
Theorem 1.3. For any integer n ≥ 2 and any real numbers p ≥ 1 and q ≥ 1,
the norm clνn,p,q is equivalent to the biinvariant word norm ‖ · ‖ (whose stably
unboundedness is observed by Brandenbursky and Ke¸dra).
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for his guidance and helpful advice. He also thanks to Morimichi Kawasaki for his
useful advice.
1
2 MITSUAKI KIMURA
2. Proofs of main results
2.1. The construction of stably unbounded norms. First, we explain the idea
of Kawasaki. The definitions of (ν, p, q)-commutator length and ν-quasimorphisms
are following.
Definition 2.1 ([4]). Let G be a group with a conjugation-invariant norm ν and
p, q ∈ R>0 . We define the (ν, p, q)-commutator subgroup [G,G]ν,p,q to be a subgroup
of G generated by the elements [f, g] ∈ G such that ν(f) ≤ p, ν(g) ≤ q.
We define (ν, p, q)-commutator length clν,p,q : [G,G]ν,p,q → R≥0 by
clν,p,q(h) = min
{
k
∣∣∣∣ ∃fi, ∃gi ∈ G, (i = 1, . . . , k)ν(fi) ≤ p, ν(gi) ≤ q , h = [f1, g1] · · · [fk, gk]
}
.
We note that clν,p,q is a conjugation-invariant norm.
Definition 2.2 ([4]). Let G be a group with a conjugation-invariant norm ν. A
function φ : G → R is called a ν-quasimorphism (or quasimorphism relative to ν)
if there exists a constant C > 0 such that for every f, g ∈ G,
|φ(fg)− φ(f) − φ(g)| ≤ Cmin{ν(f), ν(g)}.
The concept of ν-quasimorphisms appeared earlier in the paper of Entov and
Polterovich ([3], Theorem 7.1.), which is called “controlled quasi-additivity” in [3].
Kawasaki proved the following proposition.
Proposition 2.3 ([4], Proposition 3.4.). Let φ be a ν-quasimorphism on G and
p, q ∈ R>0. If there exist an element h ∈ [G,G]ν,p,q such that limn→∞
φ(hn)
n
> 0,
then clν,p,q is stably unbounded on [G,G]ν,p,q.
Next, we give an useful sufficient condition to prove that a function is a qK-
quasimorphism, where qK is a conjugation-invariant norm on a group G which is
normally generated by a subset K ⊂ G defined by
qK(f) = min{l | ∃ki ∈ K, ∃gi ∈ G, f = k
g1
1 · · · k
gl
l },
where xy denotes the conjugation xyx−1.
Lemma 2.4 ([3], Lemma 7.3.). Let G be a group which is normally generated by
a subset K ⊂ G, and φ : G→ R a function on G. If there exists a constant C > 0
such that the inequality |φ(gh) − φ(g) − φ(h)| ≤ C holds for any g ∈ G and any
h ∈ G with qK(h) = 1, then φ is a qK-quasimorphism.
Finally, we construct the stably unbounded norms on [B∞, B∞] by proving the
signature of braids is a νn-quasimorphism, where νn = qBn .
We denote the n-braid group by Bn and let σ1, . . . , σn−1 be the standard Artin
generators. For a braid α ∈ Bn, we denote the closure of α by α̂. For a braid
α ∈ Bn, σ(α) is defined to be the signature σ(α̂) of the link α̂. We consider the
standard inclusion ιn : Bn → Bn+1, σi 7→ σi (i.e. ιn is “adding a trivial string”)
and obtain the following sequence : B1 ⊂ B2 ⊂ · · · ⊂ Bn ⊂ · · · . We define the
infinite braid group B∞ to be
⋃∞
n=1Bn. Since the signature of braids σ : Bn → R
and the inclusion ιn : Bn → Bn+1 are compatible, i.e. σ(ιn(α)) = σ(α) for α ∈ Bn,
σ : B∞ → R is well-defined.
Theorem 2.5. The signature of braids σ : B∞ → R is a νn-quasimorphism.
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Proof. By Lemma 2.4, it is sufficient to prove that |σ(αβ) − σ(α) − σ(β)| ≤ n for
α, β ∈ B∞, νn(β) = 1. The assumption νn(β) = 1 implies the existence of a braid
γ ∈ B∞ such that β
γ ∈ Bn ⊂ B∞. Let m be a natural number such that α
γ ∈ Bm
(m > n). Since the signature of braids is conjugation-invariant,
|σ(αβ) − σ(α) − σ(β)| = |σ(αγβγ)− σ(αγ)− σ(βγ)|.
We obtain the link α̂γβγ from α̂γ ⊔ β̂γ by taking saddle moves m times. Note
that the link β̂γ has m − n unknot components since βγ has trivial strings after
(n + 1)-th one (Figure 2). It is known that the signature changes at most ±1 by
one saddle move (see [5] for example). Since the signature does not changed by
taking connected sum to an unknot, the signature changes at most n by the m
times saddle moves. Hence
|σ(αγβγ)− σ(αγ)− σ(βγ)| = |σ(α̂γβγ)− σ(α̂γ ⊔ β̂γ)| ≤ n.

Figure 1. saddle move
Figure 2.
Now we prove Theorem 1.2.
Lemma 2.6. Let G be a group normally generated by K ⊂ G and ν a conjugation-
invariant norm on G. We assume that ν is bounded on K (it is so when K is
finite). If p, q ≥ supk∈K ν(k), then [G,G]ν,p,q = [G,G].
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Proof. For a, b, r, s ∈ G, the following equalities hold:
[ar, b] = [r, b]a[a, b], [a, bs] = [a, b][a, s]b.
By using them, we can represent a element f of [G,G] as a product of commutators
of the form [k∗, l∗] (k, l ∈ K). Therefore f ∈ [G,G]ν,p,q if p, q ≥ supk∈K ν(k). 
Since B∞ is normally generated by {σ
±1
1 }, we have the following corollary.
Corollary 2.7. For n ≥ 2 and p, q ≥ 1, clνn,p,q is well-defined on [B∞, B∞].
(Proof of Theorem 1.2) We apply Proposition 2.3 to the signature σ : B∞ → R.
Since σ is a νn-quasimorphism by Theorem 2.5, it is sufficient to see that the stabi-
lization of σ is non-trivial and it is already known (see [1] for example). Therefore,
for n ≥ 2 and p, q ≥ 1, clνn,p,q is a stably unbounded norm on [B∞, B∞]νn,p,q =
[B∞, B∞] by Corollary 2.7. 
2.2. The extremal property. We study the properties of the norms clνn,p,q. Two
norms on a group are called equivalent if their ratio is bounded away from 0 and
∞. First, we will show that the norms clνn,p,q are equivalent each other. It follows
from the fact that the norms have an “extremal property”.
Lemma 2.8. For x, y, z ∈ G, assume that x and yz commute. Then [x, y] is written
as the products of 4 conjugates of z or z−1.
Proof. By the assumption, [x, [y, z]] = xy(y−1)zx−1yzy−1 = xyx−1y−1 = [x, y].
Thus [x, y] = [x, [y, z]] = xzyz−1x−1z(z−1)y = zxy(z−1)xz(z−1)y. 
We call that a norm µ on [B∞, B∞] has the extremal property if µ satisfies
the following condition: for any conjugation-invariant norm ν on [B∞, B∞] which
satisfies ν(αβ) = ν(α) for all α ∈ [B∞, B∞] and β ∈ B∞ (not only [B∞, B∞]),
there exists a positive number λ > 0 such that ν ≤ λµ.
By using above lemma, we observe that the norms clνn,p,q have the property.
Proposition 2.9. For n ≥ 2 and p, q ≥ 1, clνn,p,q has the extremal property.
Proof. First we prove that clνn,1,1 has the extremal property. Let α, β ∈ B∞
satisfy νn(α) = νn(β) = 1. Then there exists γ, γ
′ ∈ B∞ such that α˜ := α
γ ∈ Bn,
β˜ := βγ
′
∈ Bn. If m is sufficiently large, α˜
γ′γ−1 and β˜∆
′
m commute, where
∆′m = A
′
n,m−1 · · ·A
′
n,2A
′
n,1A
′−1
n,2 · · ·A
′−1
n,m−1
and A′n,i is a commutator argyle braid appeared in [1] . By Lemma 2.8, [α, β]
γ′ =
[αγ
′
, βγ
′
] = [α˜γ
′γ−1 , β˜] is written as the products of 4 conjugates of ∆′
±1
m . Thus
ν([α, β]) ≤ 4ν(∆′m). Since ∆
′
m is conjugate to A
′
n,1, ν(∆
′
m) = ν(A
′
n,1). Then we
obtain ν ≤ 4ν(A′n,1) clνn,1,1. Since clνn,1,1 ≤ pq clνn,p,q, the proposition follows. 
Since clνn,p,q(α
β) = clνn,p,q(α) for all α ∈ [B∞, B∞] and β ∈ B∞, it follows from
Proposition 2.9 that the norms clνn,p,q are equivalent to each other.
Next, we also consider the property of the biinvariant word norm ‖ · ‖ := q{σ±1
1
}.
Proposition 2.10. The biinvariant word norm ‖ · ‖ has the extremal property.
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Proof. Let α ∈ [B∞, B∞] with ‖α‖ = k. Then α is written as follows:
α =(σε11 )
α1(σε21 )
α2 · · · (σεk1 )
αk
=[α1, σ
ε1
1 ]σ
ε1
1 [α2, σ
ε2
1 ]σ
ε2
1 · · · [αk, σ
εk
1 ]σ
εk
1
=[α1, σ
ε1
1 ][α2, σ
ε2
1 ]
σ
ε1
1 σε1+ε21 · · · [αk, σ
εk
1 ]σ
εk
1
= · · ·
=[α1, σ
ε1
1 ][α2, σ
ε2
1 ]
∗ · · · [αk, σ
εk
1 ]
∗σε1+···+εk1 ,
where εi ∈ {±1} and αi ∈ B∞. Since α ∈ [B∞, B∞], ε1 + · · ·+ εk = 0. Thus α is
written as a product of k commutators of the form [∗, σ±11 ]
∗. Since αi and (σ
εi
1 )
∆′
m
commute in B∞ for a sufficient large m, ν([αi, σ
εi
1 ]
∗) = ν([αi, σ
εi
1 ]) ≤ 4ν(∆
′
m) =
4ν(A′2,1) and it follows that ν(α) ≤ 4ν(A
′
2,1)k = 4ν(A
′
2,1)‖α‖. 
As a corollary of Proposition 2.9 and 2.10, it follows that the norm ‖ · ‖ is also
equivalent to the norms clνn,p,q we constructed (Theorem 1.3) .
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